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In the lecture we mentioned two different ways to define the transitive closure of a binary
relation. In the following exercise you prove that both definitions are equivalent.

Exercise 1: Transitive Closure 3 bonus points
Let R be a binary relation over a set ..
Let Ry be the smallest set such that the following properties hold.

(a) R C Ry and

(b) for all s,¢,s" € ¥ if (s,8') € Ryepn and (8, 8") € Ry then (s,8") € Ry
Let R,.2 be the smallest set such that the following properties hold.

(a) R C Ry,q2 and

(b) for all s,¢',s" € ¥ if (s,8') € Ry and (s, s”) € R then (s,5") € Ryup

Prove that the equality Ry, = R,q2 holds.

Exercise 2: Transition Invariants 24+2+1 bonus points
Consider the program P = (X, T, p), where

e N =7x7Z,

L T - {7—177—277—377—4}7

proise>0ANy 20Ny <zAy =y—1,

proisz>0Ny>0ANy<zAx' =y—1,

Prs sz >0NYy>0ANs<yAy =ax—1,
e and p,, sz >0ANy>0ANz<yAx' =z—1.
(a) State a ranking function for the program P.

(b) Use transition predicate abstraction to prove that the program is correct.

e State a set of transition predicates P such that the set of abstract transitions
P# contains only well-founded realations.



e Compute the set of abstract transitions P# = {Ty,...,T,}.
e I[llustrate that each abstract transition 7; is well founded (no detailed proof

necessary ).

(c) State a disjunctively well-founded transition invariant 77 U T3 that

e is the union of two well-founded relations

e and both, T} and T3 are formulas that contain only variables, logical connec-
tives and symbols of the set {>,+, —,1,0}.



