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Ramsey’s theorem

every infinite complete graph that is colored with finitely many
colors contains a monochrome infinite complete subgraph



termination

a program P is terminating if
» its transition relation Rp is well-founded
» the relation Rp does not have an infinite chain

> there exists no infinite sequence

51,52,53,...

where each pair (sj, si+1) is contained in the relation Rp



proving termination

» classical method for proving program termination:
construction of a ranking function
(one single ranking function for the entire program)

> construction not supported by predicate abstraction



predicate abstraction

» proof of safety of program
» construction of a (finite) abstract reachability graph
» edges = transitions between (finitely many) abstract states

» abstract reachability graph (with, say, n abstract states) will
contain a loop (namely, to accomodate executions with length
greater than n)

» example: abstraction of while(x>0){x—-} with set of
predicates {(x > 0), (x <0)

> finiteness of executions can not be demonstrated by
finiteness of paths in abstract reachability graph



new concepts

> transition invariant: combines several ranking functions into a
single termination argument

> transition predicate abstraction: automates the computation
of transition invariants using automated theorem proving
techniques



backward computation for termination

> terminatingStates = set of terminating states
= states s that do not have an infinite execution

> exitStates = set of states without successor

> state s terminating if s does not have any successor or
every successor of s is a terminating state

> terminatingStates = least solution of fixpoint equation:
X = weakestPrecondition(X) U exitStates
> program terminates if initialStates C terminatingStates

» check of termination requires abstraction of fixpoint (of
function based on weakest precondition) from below

» underapproximation - 777



example program: ANY-Y

11: y := read_int(Q);
12: while (y > 0) {
y = y-1;
}

p1:pc =1L Apc =L
pr:pc=UbApd =lbANy>0ANy =y—1

» unbounded non-determinism at line 11 (for pc = ¢;)

» termination of ANY-Y cannot be proved with ranking
functions ranging over the set of natural numbers

» initial rank must be at least the ordinal w



example program BUBBLE (nested loop)

11: while (x => 0) {

y :=1;
12: while (y < x) {
y = y+i;
}
x := x-1;

pr:pc =L Apd =l Ax>0AX =xANy =1
pripc=UbApd =lbANy<xANXxX=xNy =y+1
p3:pc=UbApd =lLiANy>xAXxX=x—1Ny =y

» lexicographic ranking function (x,x — y)

» ordered pair of two ranking functions, x and x — y



program CHOICE

1: while (x > 0 & y > 0) {
if (read_int()) {
(x, y) = (x-1, x);
} else {
(%, y) = (y-2, x+1);
}
}

pr:pc=pc =lAx>0ANy>0AX =x—-1ANy =x
pripc=pc’ =lAx>0ANy>0AX =y —-2Ny =x+1

» simultaneous-update statements in loop body
> non-determinstic choice

» ranking function?



example program without simple ranking function

1: while (x> 0 & y > 0) {
if (read_int()) {

x = x-1;
y := read_int();
} else {
y = y-1;
X
+

pr:pc=pc’ =lAx>0ANy>0AX =x-1
ppipc=pc =bAx>0ANy>0AX =xAy =y—1

» non-deterministic choice

» decrement x, forget value of y or
don’t change x, decrement y



transition invariant

given a program P with transition relation Rp,

a binary relation T is a a transition invariant
if it contains the transitive closure of the transition relation:

RECT

» compare with invariant

» inductiveness



disjunctively well-founded relation

a relation T is disjunctively well-founded
if it is a finite union of well-founded relations:

T=T,U---UT,

> in general, union of well-founded relations is itself not
well-founded



proof rule for termination

a program P is terminating
if and only if
there exists a disjunctively well-founded transition invariant T for P

T must satisfy two conditions,

transition invariant:
Ry CT

disjunctively well-founded:
T=T1U---UT,

where T1,..., T, well-founded



completeness of proof rule

» “only if" (=)
» program P is terminating implies there exists a disjunctively
well-founded transition invariant for P

> trivial:
» if P is terminating, then both Rp and R,;" are well-founded

» choose n=1and Ty = R}



soundness of proof rule

» I (<):
> a program P is terminating if there exists a disjunctively
well-founded transition invariant for P
> contraposition:
if
Ry C T,
T=TiU---UT,, and
P is not terminating,
then
at least one of Ty, ..., T, is not well-founded



assume RF C T, T=T,U---UT,, P non-terminating

> there exists an infinite computation of P:

So—>S1—>S — ...

» each pair (s;,s;) liesinone of Ty, ..., T,
» one of Ty, ..., T, (say, Tx) contains infinitely many pairs
(Sivsj)

» contradiction if we obtain an infinite chain in Ty
(since Tk is a well-founded relation)

> but ... in general, those pairs (s;, s;) do not form a chain



Ramsey’s theorem

every infinite complete graph that is colored with finitely many
colors contains a monochrome infinite complete subgraph



assume RF C T, T=T,U---UT,, P non-terminating

> there exists an infinite computation of P:

So—>S1—>S — ...

> take infinite complete graph formed by s;'s

> edge = pair (s;, 5j) in R;, i.e.,inoneof Ty, ..., T,
» edges can be colored by n different colors

» exists monochrome infinite complete subgraph

> all edges in subgraph are colored by, say, T

> infinite complete subgraph has an infinite path

» obtain infinite chain in T

» contradicition since Ty is a well-founded relation



assume RF C T, T=T,U---UT,, P non-terminating
> there exists an infinite computation of P:

So—>S51—>S — ...

> let a choice function f satisfy
f(k,0)e{ T;| (sk,se) € T; }
for k,£ € IN with k < /¢
» condition R; C TLU---U T, implies that f exists
(but does not define it uniquely)
» define equivalence relation ~ on f's domain by

(k,0) ~ (K',¢') if and only if f(k,0)=f(K,0)

» relation ~ is of finite index since the set of T;'s is finite
» by Ramsey's Theorem there exists an infinite sequence of
natural numbers k; < kr < ... and fixed m, n € IN such that

(ki, kitv1) ~ (m, n) for all / € IN.



example program: ANY-Y

11: y := read_int(Q);
12: while (y > 0) {

y = y-1;
b

p1:pc =1L Apc =L
pr:pc=UbApd =lbANy>0ANy =y—1

Tl:pC:fl/\pC,:@
T:y>0Ny <y



example program BUBBLE (nested loop)

11: while (x => 0) {
y :=1;
12: while (y < x) {
y = y+1;

pr:pc =L Apd =lbAx>0AX =xANy =1
pppc=UbApd =lbANy<xANxX =xANy =y+1
p3 pc=UbApd =lLi Ny >xAX=x—1Ny =y

Ti:pc={01 Npc =1
To:pc =10 Apc =1
T3:x>0AX <x
Ta:x—y>0AX —y <x—vy



program CHOICE

1: while (x > 0 & y > 0) {
if (read_int()) {
(x, y) = (x-1, x);
} else {
(x, y) := (y-2, x+1);
}
}

pr:pc=pc =lAx>0ANy>0AX =x—1ANy =x
ppipc=pc' =lAx>0ANy>0AX =y —-2Ny =x+1

Ti:x>0AX < x
T,:y>0Ny <y
T3:x+y>0AX+y <x+y



example program without simple ranking function

1: while (x > 0 & y > 0) {
if (read_int()) {

x := x-1;

y := read_int(Q);
} else {

y = y-1;

}
}

pr:pc=pc’ =bAx>0ANy>0AXx =x—-1
pripc=pc =bAx>0ANy>0AX =xAy =y—1

Ti:x>0AX < x
T,:y>0Ny <y



prove termination of program P

» compute a disjunctively well-founded superset of the transitive
closure of the transition relation of the program P, i.e.,

» construct a finite number of well-founded relations T1,..., T,
whose union covers R}
» show that the inclusion R; C Ty U---UT, holds

» show that each of the relations Tq,..., T, is indeed
well-founded



prove termination in 3 steps

1. find a finite number of relations Tq,..., T,
2. show that the inclusion R;f C T{U---U T, holds
3. show that each relation T1,..., T, is well-founded

it is possible to execute the 3 steps in a different order



conclusion

» disjunctively well-founded transition invariants: basis of a new
proof rule for program termination

» (next) transition predicate abstraction: basis of automation of
proof rule

» new class of automatic methods for proving program
termination

» combine multiple ranking functions for reasoning about
termination of complex program fragments
» rely on abstraction techniques to make this reasoning efficient



