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Abstract phism [22]. ML-style polymorphism has proved to be a practical
compromise which allows for expressive polymorphic definitions

We propose a type system for locating the source of type errors in anwhile keeping type inference decidable.

applied lambda calculus with ML-style polymorphism. The system

is based on discriminative sum types—known from work on soft However, despite 25 years of experience with ML-style typing and

typing—with annotation subtyping and recursive types. This way, numerous implementations of type inference algorithms for this

type clashes can be registered in the type for later reporting. Thekind of type system, programmers are still struggling with the error

annotations track the potential producers and consumers for eachmessages reported when the inference algorithm fails. Virtually ev-

value so that clashes can be traced to their cause. ery ML programmer can tell stories about type errors where it took
hours to identify the actual problem with the program. While initi-

Every term is typeable in our system and type inference is decid- ated functional programmers seem to accept this as a fact of life to

able. A type derivation in our system describes all type errors be endured in return for the wonderful type soundness guarantee, it

present in the program, so that a principal derivation yields a prin- makes life hard for beginners, in fact, too hard for some.

cipal description of all type errors present. Error messages are de-

rived from completed type derivations. Thus, error messages areThe root of the problem lies in the operational way in which type

independent of the particular algorithm used for type inference, pro- inference algorithms produce error messages. Most algorithms are

vided it constructs such a derivation. based on Milner’s algorithn¥/ [22] that traverses the syntax tree
of an expression and composes the type of the expression bottom-
Categories and Subject Descriptors up. At each function applicatior €, the algorithm recursively
computes the typesof e andt’ of €. Next, it has to make sure
D.3.2 [Programming Language$: Language Classifications—  that the type o really is a function type. Hence, the algorithm
Applicative (functional) languagesD.3.3 [Programming Lan- attempts to unifit with ' — @3, wherep is a fresh type variable.
guaged: Language Constructs and Feature@elymorphismF.3.3 It reports a type error if this unification fails. (Similar unifications

[Logics and Meanings of Programg Studies of Program Con- happen at elimination expressions for other type constructors.)

structs—ype Structure L . e .
P Unfortunately, the point in the expression where the unification fails

may not even be close to the point of the actual mistake in the pro-
gram. For example, when processing

Languages, Theory (Af.f1) (Ay.ify10) (1)

General Terms

Keywords algorithm %/ first computes the types of the subexpressions as

AMffl:(int—a)—a Ay.if y10:bool — int
type inference, polymorphism, type errors
and then tries to unify

1 Introduction (int — a) — a = (bool — int) —

Many functional programming languages have type systems which which results (in the worst case) in the error message “Failed to

are derived from MLs type system with parametric polymor- unify int with bool” issued at the outermost application in ex-
pression[([L). Only indirectly does this message point to the actual
problem, namely the mismatch of the typefd§ argument and its
use in the body of:

+ —
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if Df 1 0 (the annotation indicates an expression used in an The gain in doing so is that we can inspect the type derivation after

elimination context or a consumer position). the inference algorithm has completed its work:
Numerous attempts have been made at explaining type errors and AMRLEL 5 (((booliintipro) — (1f1t’p6)’p3)
locating their actual source. They range from instrumentations of — (int;Ps); Pa)
algorithm %/ through alternative type inference algorithms to ap- Ayify10 : ((bool;int;p10) — (int;pe);P3)
proaches relying on principal typings. Sectign 6 discusses a repre- (A1) A\y.ify10) : ((bool;int;p1g) — (int;Ps);pP3)
sentative sample of this related work.

In particular, the two program points that actually caused the prob-

. . . lem also have multivocal types:

1.1 Locating Errors with Multivocal Types £ 1 (bool: int: pr) — (int:pe)ips) -1 ©  (bool: int:pro)
In the present work, we pursue an approach based on the theory of y:(bool;int;pig) -y : (bool;int;pio)
discriminative sum types, which has been developed for soft typing
[7,118,[38], and which is closely related to systems with row types
[35,[29]. While row types are usually indexed with record or variant
labels, discriminative sum types are indexed wjtbe constructors

and the component types are the argument types of the CONSUUCIOrSE 4t reason, each type constructor in a discriminative sum type

L A . . . must carry dlow setannotation. A flow set is a set of program la-

Anticipating the formal definition in Sectign 3.4, the idea of a dis- 0yt indicate the potential sources and sinks of a value whose
C{'m'?atlve s%m typz |stthat ?t eaCh_H?d? of a tg?? each typt)e Cton'type carries that flow set. Since each type constructor carries a sep-
structor may be used at most once. The ‘unused- type Construclors, e fiow set, each component’s flow is traced separately. There is

are hidden in aow variablep and We use ' to separate different a further distinction betweesource labelswith superscript™ that
type constructors. The separator *” binds weaker than every type indicate potential producers of a value agidk labelswith super-

constructor. For example, in the noflimt; pa — pp; P1) Of @ type L P ;
y ' ' script~ that indicate potential consumers of a value.
there are two components, one for the type (construatot)and P P

another for—.

However, the typing still does not relate enough information what
exactly happened and why/if these two program points are the cul-
prits for the type error.

Returning to our example, we first label each source or sink subex-

. . . L . pression appropriately:
The most interesting operation on discriminative sum types is P pprop y

unification, because it must preserve the above invariant. The [Af.[fla- [Ua+]2¢]1- [AV.Af [Vl [1]7+ [Olg+]5+

idea here is that types unified componentwise and by substituting . . . ) .

for the row variables if there is no corresponding component (as -0°King again aeny of the above types involving the multivocal
with row types). For example, unification ¢fnt;pa — pp;p1) part(bool; int;p1g), We find the following annotations:

with (bool;py) results in the substitutiop; — (bool;p’) and
p2 — (int;pa — pp; ') yielding the substituted termint; pa —
Pb;bool;p’). This annotated type indicates that the error stems from the fact the

value of typeint produced at program point4may be consumed
An alternative view would consider each node in a discriminative as a value of typgool by theif expression at program point 6
sum type as a finite mapfrom the set of type constructors to a list

y: (bool® ;int* ;pig)

of type nodes, so that(x) are the arguments of type construcgor It will turn out that a multivocal type is a sufficient indicator for a
_ S _ type error, but further machinery is required to report such an error.
Each type in a system of discriminative sum types magnbéivo- As a first step, we consider the set of subexpressions whose type

cal, that is, it may have more than one top-level type constructor. containg or that consume a value whose type contaitillowing

The type(int;bool;p) is an example for such a multivocal type  Haack and Well<[14], we visualize such a set asxpression slice
wherep is a (row) type variable. A type lik¢bool;pp) with at where subexpressions and subcontexts that do not contribute to the
most one type constructor ismivocal multivocal type are blanked out using ellipges. In the example,

_ _ _ the expression slice associated wibeo1® ;int*";p1q) is
For the subexpressions of our example, type inference now yields
[AFf.[f]a- [Lar]2+]2-[AV.if [Vle- () ()]s

A.E1 o (((int;p1) — P2:P3) — P2:P4) The proposed error message for this expression is the above slice
Ayify10 : ((bool;ps)— (int;pe);P7) with additional highlighting of the offending consumers and pro-
ducers as detailed in Sectipn 2.4. In Secfipn 2, we elaborate on
the additional features, annotation subtyping and recursive types,
required to turn type inference for discriminative sum types into a

R (((li)ntilf?l) = P2;P3) — P2;Pa) practically useful framework for locating type errors. We motivate
= (((bool;ps) — (int;pe); P7) — Ps:Po) these extensions with examples.

and unification of the two types

succeeds with the multivocal type

1.2 Contributions

(((bool;int;p10) — (int;Ps); P3) — (int;Ps); Pa) _ o
We have designed a type system with discriminative sum types that

by substitutingp; — (bool; p10), P5 — (int;p10), P2 — (int;pPs), enables the precise localization of the causes of type errors. The
p7 — p3, andpg — p4. In fact, type inference succeeds for the type system is a conservative extension of the Hindley/Milner type
entire expression and computes the result tyfpe; pg) (which is system with parametric polymorphism. It is inspired by work on

univocal that is, there is at most one type constructor present). soft typing and row types and it inherits many of its properties:



e type inference is decidableeven in the presence of annota- Both conditionals have typ(eint2+;booll+;p) indicating that their
tion subtyping and recursive types; value is either the boolean introduced at poift dr the integer
introduced at point 2. Unfortunately, the same type (including the
annotation) is also inferred for the variablevhich cannot assume

either of these values in the given expression.

e the type inference algorithm can produce a principal type
derivation; we view this principal type derivation agp#n-
cipal description of the type errorsin the term;

e type errors are reported_ by interpreting the completed type This so-called “poisoning” is a well-known phenomenon of
derivation, hence thegre independent of the type inference equation-based flow analysis. It is due to the analysis equating
algorithm used to compute them. the result types of both branches of the outer conditional. These

. _— . . equations induce an artificial backwards flow that can never happen
The technical contributions of the paper are the following. Starting during execution of the program.

from an applied lambda calculus, we define a type system with dis-

criminative sum types and ML-style polymorphism, which is pa- The remedy is to move from an equation-based system to a
ram_eterlzed over a certain style of constraint syst_ems, an_d provesubtyping-based system. To this end, we rely on a subtyping rela-
subject reduction. Then we extend the calculus with labeling and s, of flow-annotated types that preserves the structure of the types

establish th_e correctness of th_e data rovy information in the flow 5. only affects the annotations. In the example expregsion (2), this
set annotations by proving subject reduction for the labeled calcu- approach leads to the following typings:

lus in the type system with simple annotations and with annotation
subtyping. We show that this information is valid also for the orig-
inal, unlabeled calculus by relating the labeled and the unlabeled
calculus via a reduction correspondence. Further, we prove that our [O]2+
system is a conservative extension of ML and, conversely, charac-
terize those type derivations that give rise to an ML type derivation.

[true]s+ int;boolr;p)

L2t .

int ;bool;p)

if true [true]i+ [0]o+ int2+;booll+;p)
X int;bool;p)

There isa prototype implementation c_)f the type inference algorithm ;¢ true (if true [true]s- [O]p-) X : (int2+;b0011+;p)

with annotation subtyping for an applied lambda calculus.

—~ o~~~

These typings seem to indicate that—whilis affected by the type
1.3 Overview error—it actually does not contribute to it because its multivocal
type isnot inhabited(its flow sets are empty). However, this infer-

In the following Section, we explain the additional features annota- €MNC€ IS not correct in general as we shall see in Sefctior 2.1.3 below.
tion subtyping and recursive types. Secfipn 3 contains the theoreti- HENCe, e report the type error as the slice

cal basis of our system. It introduces the labeled calchdlus type . .

system with discriminative sum types and ML-style polymorphism, ()38 () (3£ ) [erue]ss [0]2+) X).
and states some technical results. Sedfion 4 discusses extensions
th_at are required to make the system amenable to a full program-o 1 2 Flowing Backwards
ming language. Sectidf] 5 contains some notes on our prototype

implementation. Finally, we discuss related work in Sedfibn 6 and e apove example demonstrates an error caused by an expression
conclude. that might evaluate to values of different type. The typing correctly

) tracks the values flowing “forward” from their introduction to the
2 Locating Type Errors offending expression.

The example in the introduction has given some flavor of the kind However, the dual situation where two subexpressions want to con-

of error messages that can be extracted from our type system. How-sume the same value at different types also gives rise to a type error.

ever, the example is chosen so that it does not exert the full power Since there may be no producer in the expression, it is necessary

of the system. Further features, in particular annotation subtyping to track the consumers, too. Contrary to information about pro-

and recursive types are needed. The following examples motivateducers of values, the information about consumers of vefloas

them and show how error messages can be extracted from typingdackwards towards the source of the value. Hence, the subtyping

in the respective extended system. relation transports consumer labels “from right to left”, so that the
subtype always has more consumer labels than the supertype.

2.1 Annotation SUbtypmg Here is an example that demonstrates the backward flow of con-

In the flow sets attached to each type constructor, the type systemSumer labels in action:

performs a flow analysis that tracks the sources (producers, intro- AX.(if X2~ [Oa+ [Us+, e [1s+)

ductions) and the sinks (consumers, eliminations) of all values. An- ’

notation subtyping increases the precision of that analysis by mod- In this expressionx is used in two different elimination contexts,
eling the direction of the data flow. For the monomorphic case, once as a boolean and once as a function. Hence, its typing is
similar type systems have been shown to be equivalent in power to

OCFA [16/26]. X (bool? ;((int® ;p1) =% p2):po).

2.1.1 Flowing Forwards Since only the top-level of this type is multivocal, the only subex-
pressions concerned with the error are @nd 6 and the occur-
Consider the following example expression: rences of the variabbe Hence, the offending slice is

AX.(X,1if true (if true [true]i+ [0]2+) X) 2) M) (EE X2 () (), [Xe ()



2.1.3 Inhabitation which node of the type causes the error. Our choice is the header
node of the loop, indicated by the varialplén the example.

The next example demonstrates that inhabitation of an expression’s
multivocal type is not always a good indicator for the role of that In the example, functiorf only serves as a mediator because the
expression in a type error. recursive type does not appear at the top-levef’'sftype. Our
AXAY.(if true X [Olg- ,if true Xy, if truey [false]s:) reporting phase will indicate this difference visually.
Here are the typings of the interesting subexpressions: 2.3 Flow Classes

X : (bool;int;py) ) .
) L The examples above only contain one type error at a time. When
y © (booliint;py) more than one error is present in a program, it is not obvious which
if true x[O]s+ : (bool; int#": p1) occurrences of multivocal types belong together. For example, con-
sider an expression that contains two copies of expregsjion (2). Each
copy has a number of subexpressions of tife: ; bool; p), where
if truey[false]s+ (bool5+ ;int;p3) the association to a particular consumer or producer is not obvious
because the flow sets in the type are empty.

if truexy : (bool;int;py)

Although the type of the second subexpressidntrue Xy, is un-
inhabited, this subexpression is clearly contributing to the type error
in an essential way. In fact, all subexpressions, except the condi-
tions, are essential for obtaining a type error in this case.

What is needed is an additional classification of type nodes into
equivalence classes. To this end, each expression and each type
node is equipped with #low-class label The expressione]’ at-
taches its flow-class labélto the top-level node of’s type. A
flow-class label behaves differently than a source or a sink label.
It is propagated equationally, like the type structure itself, ignoring
the direction of data flow.

Hence, we refrain from using inhabitation of a multivocal type as an

indicator whether a subexpression participates in a type error. How-
ever, it makes sense to indicate the degree of inhabitation visually,
since observing changes in inhabitation can be helpful in certain

cases (cf. the example in Sect{on 2}1.1). With this set-up a flow-class labérecords in the type that a value

. of this type may be passed through by an expression with this label.
2.2 Recursive Types For exayrﬁme, i%/ P gy P

The standard implementation of Hindley/Milner-style type infer- [let x=[42);: in [x?3

ence fails at programs like
prog the ]2 and the[ ]2 attach flow-class labels to the type constructor

[flo- [x:xg1- = [add([f]2- x9) ([f]3- X)]s+ int, so that the type ofx|? is (int! 23;p) (remember that flow-
The reason for this failure is that must have typex and type class labels are propagated equationally, that is, they go forwards
list o at the same time. Howevex, could be assigned the re- ~and backwards), which is also the type of the whole expression.
cursive typepa.list a, which is theoretically sound. Although ) )
ML-style type inference with recursive types is feasible, the result- In this way, each node in a type has a set of flow-class labels at-
ing types are often unintuitive. For that reason, the standard algo-tached to it. Since propagation of these labels is equation-based,
rithm rules out recursive types by using a unification algorithm with these sets are either disjoint or equal for any given pair of nodes.
“occur-check”. Hence, the sets of flow-class labels induce a partition on the set of

type nodes. Moreover, all members of the same partition represent

However, a type system to investigate type errors must be able tothe same underlying type (after erasure of all flow annotations).
give a type to the above term so that a suitable error message can
be extracted from the typing. Hence our system includes recursive 2.4 CoIIecting and Reporting Type Errors
types and it assigns the type
Our proposed overall procedure for a type error reporting tool is
derived from the above discussion. It works in two phases, a col-
lecting phase and a reporting phase. The collection phase has the

How much information can be extracted from this typing? following tasks:

f:(p—"23 (int%;py);po) wherep = (1ist! p;p1).

1. Sincep refers to itself, we can deduce that the standard infer- 1. Decorate the expression with producer and consumer labels as
ence algorithm reports an occurs-check error. well as with flow-class labels. All these labels must be distinct
so that there is a mapping from the set of labels to the set of

2. The type constructari st thatis involved in the recursive def- subexpressions occurrences in the original expression.

inition is annotated with 1, indicating that the pattern match-
ing on f's argument contributes to the problem. 2. Perform type inference for the system proposed in this paper.
- . - i The algorithm does not matter as long as it computes a map-
3. By examining the rest of the typing derivation, we find that ping that maps each label to the type of the subexpression at
X: p andxs: p, that is, only the typing of the conteatld[] [] that label
does not involve the type. '
3. During a traversal of all types of all subexpressions, collect

Hence, the offending slice in the definition bfs the following setE of sets of flow-class labelsf a type that
. _ contains a nodeso that eithet is multivocal ort is the header

[flor x:x81- = () ([fl2- xs[fls- %) of a recursive type, theR € E whereR is the set of all flow-

which exactly pinpoints the source of the problem. In this case, the class labels in the node The setR is thescopeof the error

typing does not involve a multivocal type. Hence, we nuefine andt theoffender



At this point, each element d corresponds to a type error that

We recall the following known property @fiet andA et ool

must be fixed separately. The reporting phase picks an element )
Re E and extracts a slice from the original expression that contains FACT 1. The calculidie; andAjet,pool are confluent.

all subexpressions

e whose type contains a node marked witor

3.2 The labeled calculus\L

e that are consumer expressions where the consumed type conJo identify certain subterms of a term and trace their flow during

tains a node marked witR.

With the slice it shows a general description, for example, “re-
cursive type”, “consumer/consumer conflict”, “consumer/producer
conflict”, etc, that is derived from the offenders in the type of the
slice. Furthermore, it highlights each subexpressiaf the slice

by taking into account the following questions (depending on the

programmer’s settings):

e Does the offender occur at the top-levelas type? If not,
this indicates thag is merely transmitting the offense.

e Whatis the degree of inhabitation of the offender’s type? That

a sequence of reductions as discussed above, we introduce a new
labeled\-calculus inspired by labeled reductions of Barendiegt [5]
and Abadi et al/]l1]. We distinguish different kinds of labels:

Source Labels ¢t e Lab"
Sink Labels ¢~ € Lab™
Class Labels l € Lab
Sets of Class Labels L € 2(Lab)
Type Constructors X € TyCon

The setd.ab™, Lab~, andLab are disjoint. Source labelg;" €
Lab™, are attached to introduction expressions (lker true)
and trace the flow of produced values. Sink labéls,e Lab™,

is, how many sources and sinks appear in its flow sets? Im- 46 attached to elimination contexts (like the first subexpression of

portant hints can be drawn from changes in inhabitation.
e Isea consumer or a producer involved in the top-level of the
offending type?

All this information can be readily extracted from the flow sets in a
typing in our system.

function application or the condition of a conditional) and trace the
attraction towards a consumer. Class labels are propagated equa-
tionally, that is, they flow both forwards and backwards. Sets of
class labels are denoted hyand type constructors are denoted by

X € TyConwhere we assume thabol,— € TyCon

The calculus\L has three additional families of labeling constants.

In each of the examples in this section, the procedure leads exactly

to the slices reported.

3 Formal System

Our term language consists dfterms with constants and lat-
expression.

Variables x € Var
Constants ¢ € Const
Terms e = c|x|ee|Axe|letx=eine

We adopt Barendregt's variable convention [5] and identify
equivalent term® and € by writing e = €. The notationFV(e)
denotes the set of free variablesgrande]x := €] denotes the re-
sult of substituting the free occurrences«h eby €.

3.1 The calculilg; and Ajet pool

We generate calculi byotions of reduction The following two
relations define the notions @f andlet-reduction:

(B) (MAx.e) ¢ — gx:i=¢€]
(let)y letx=€ine — gx:i=¢]

For each notion of reduction —; denotes the compatible one-
step reduction of, — is the reflexive, transitive closure ef-,
and=, is the smallest equivalence relation generatee-by; [5].

TheAe-calculus has no constants and is generateld £y{ 3, let}.

The calculushiet hool €Xtend the calculude; by adding the three
constantstrue, false, andif representing the introduction and
elimination constructs for booleans. The following two additional
reduction rules define their operational behavior:

(if.1)
(if.2)

if trueeves — &
if falseeyez3 — €3

¢ The constant]y .+ labels an expression that introduces a type
constructory with the source label™.

e The constani]y (- labels a context that eliminates a type con-
structory with the sink label .

o The constanf ] annotates an expression with a set of class
labelsL.

We usually writefe]" instead of the juxtapositiof]- e. Sometimes
we use the meta variabéeto indicate an annotated term.

Six notions of reduction deal with labeling constants:

(Lunion)  [lglu]le — [glile
(Lswap [l )t — [l
(L.elim) He]xxﬂx.f — e
(L.lam) Axel — Axe
(L.true) [true]- — true
(L.false [false]l- — false

TheL.unionrule collapses two consecutive labelings of an expres-
sion into one labeling by merging their label sets. Ttewvaprule

lets source labelé" travel outwards over a set of other labklsif

a source Iabeling{ with constructor annotatiog hits a sink la-
beling/; with the same constructor annotatigythey cancel each
other by thel.elimrule. The ruled..lam, L.true, andL.falsemove

a labeling out of the way by removing it completely.

The labeled\L-calculus enjoys the same fundamental theorem as
the unlabeled calculi:

ProPOSITION 1. The calculus\L is confluent.

ProOF All critical pairs are joinable. Hence, the lemma follows
using Theorem 6.2.4 df[4] and Proposition 3.3.5[df [5[]

An unlabeled terne can be labeled in many ways, but not all label-
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AX: toFpue:ty
AbFpm Axe:itp —tg

L
t t
rue < [[truelpoo /1] Afpmer:ti (At)Fus Ax:skpuer:tp

false — [[false}bool,ﬁ]" Abpm letX=€ ine:ty
Figure 2. Typing rules of Mini-ML

e1—€ e—e a—d

if € € €3 [1f [€)]poor - & &4
) ! boo_l’ %% The deduction rules rely on the notions tgpe instantiatiorand
Figure 1. Labeling type generalization

DEFINITION 1. (Instantiation) A type t is arinstanceof a type
scheme s, written's t, if there is a substitution for the bound vari-
ables of s yielding t.

ings make sense. The relatiern— a (defined in Figurg]1) specifies
how an unlabeled termcan be annotated with labels resulting in a
sensibly labeled counterpaat The relation guarantees that

) _ _ _ tion of type t under some type assumptions A, writiat) -3
» every introduction of type constructqris annotated with a v ¢ ifforall a € @, o ¢ FV(A).

source label fog, and
e every elimination of type constructgy is annotated with a  The type system is parameterized over a funclichat maps each

sink label for kindy. constantc € Constto a closed type scheme. For example, for
Alet bool the functionT should map the constants involving booleans
LEMMA 1. (Basic Properties of Labeling) as follows:
: 1
e Ife<— a, then a= [a]" for some 4and L. leslz : 2221
L L if ! Va.bool -a—0—0
e Ife— [a]*L, then e— [a]-2.
o Ife; < ap, and @ < ap, then g[x = ey] — ay[x:=ay)]. 3.4 Discriminative Sum Types with Con-
) ) straints
With erasd€a), we denote the unlabeled term obtained by remov-
ing all labelings froma. The “unlabeled” calculudjetpool and its This section explains the technical foundations of our type system
labeled counterpalL correspond in the following way: based on discriminative sum types, flow-set annotations, and recur-

sive types. Constraints are also needed to describe the propagation

PROPOSITION 2. (Simulation) of flow-set annotations. Since two different constraint languages

e lfe— ¢, and e— a, then a—» a’ for some awith & < &’. are required, we start by abstracting over the constraint system.
This yields a general framework for program analysis using con-
e Ife— a, and a— &, then e—» eras€d’). strained types with discriminative sums. We rely on an abstract no-

tion of constraint systerwhich is similar to Jones’s predicatés [19]
and Odersky et al.’s notion of constrairits|[25].

3.3 The Damas-Milner Type System
DerFINITION 3. (Constraint System) A constraint system over a

We first recapitulate Damas and Milner’s type system for Mini-ML type language is a structur€Q, ) whereQ is a constraints lan-

[11),/9]. The types, type schemes, and type assumptions are: guage extending a type language ands an entailment relation

. FC P(Q) x P(Q), such that the following holds:
Type Variables a € TyVar

Types t = o|xty...th (i) CUDFEC,
Type Schemes si= Vait
Type Assumptions A= -|AX:t X¢EA (ii) ifC1FCy, and G+ Cs, then G I C3, and

wherea ranges over a set of type variables. Type schemes are ...
identified moduloa-equivalence, and we writ&(x) for the type (iify IfC D, theng(C) - ¢(D).

assigned tain A. where C and D are sets of constraints, apig a substitution of type

o ) ) ] variables.
The type system of Mini-ML is defined by the deduction system

in Figure[2. It constructs proofs for the type judgmértpy e:t Hence, the entailment relation associated with a constraint system
stating that the terma has type under type assumptiors must be monotone, transitive, and closed under substitutions. For



notational convenience we usually wrieD for the union (con-
junction) of two constraint setS andD.

Similar to the previous variant defined for the Damas-Milner type

system, the generalization relation specifies which type variables
may be quantified over. In addition, it splits up the given constraint

Discriminative sum types are a variation of row types introduced set taking into account that only a part without quantified variables
by Wand [35] and Remy [29] originally intended for the purpose of stays outside the type scheme.

typing records and variants. While row types are usually indexed

with record or variant labels, discriminative sum types are indexed The following system of syntax-directed deduction rules defines a
with type constructorgnd the component types are the argument general framework for constrained type systems with discrimina-
types of the constructors. Similar constructions have been used fortive sum types. An instance of the framework is determined by a

soft typing systemd |7, 18. 88]. For performing the flow analysis

constraint systeniQ, ) and a functioril that defines closed type

required for error reporting, we annotate each type constructor in aschemes for all constants.

discriminative type with dlow set

Row Variables p € RowVar

Set Variables v € SetVar

Sets of Type Constr's® € P(TyCon

Flow Set Ann’s b= ot gutis (¢L
Types P o= pO Uty .yt x¢ e
Type Schemes s:= VYpu.C=t

Type Assumptions A= - JAX:t xé¢ A

A typet® is either a row variabl@® or it consists of variants in-
dexed by type constructogswhich are not mentioned i®. Each
variant consists of a type tergt' t; .. .t, where the type constructor

is annotated with a flow set, followed by further variants which are
restricted so thag cannot appear again. The superscript on a row
variablerestrictsthe types that may be substituted for the variable.
We sometimes omit the superscript, when the restriction is obvious
from the context.

Each type constructor carries a flow set annotatiorA flow set
annotationu is a set of labels and a set variahie Again, a su-
perscript on a flow set annotatious, indicates that certain labels
cannot appear in the flow set.

A type schemévpu.C = t represents the sets of types that may
be obtained front by applying substitutions for the row variables
and the set variablas restricted by a set of constraif@f a given
constraint systentQ,F). The following definition of substitution

T(c)> (D,t) CHD
C|AFc:t

A(x) - (D,t) CFD
C|AFX:t

Cl|AFer: (tp—"t;t7) ClAFe it
C|AFe ety

C|AXx:toke:ty
CIAFAxe: (tp =>Uty;t7)

D|AtFe:t; (D,At)Fgen(C,s) CI|AX:sFe ity

C|AFletx=e iney:ty

The conclusion of a deduction using those rules yields a type judg-
mentC | Al e: t meaning that in the context of constraitsnd
type assumption8, the terme has typd.

The rules for function application and for abstraction are different
from the usual presentations because they only determine that the
component for the function type constructer is defined in the
type. However, they doot rule out the presence of other type con-
structors,i.e,, multivocal types. Thaet rule differs from the one
used in HM(X) [25], by having a less restrictive generalization re-
lation. In particular, HM(X) restricts generalization to abstracting
only solvable constrainfs.Since the intended use of the system is
prescriptive (that is, a program analysis setting), we can safely re-
strict ourselves to constraints that are always solvable. The rules for

serves to formalize the instantiation relation between a type schemetonstants and variables additionally require that the constraints re-

and its instance types.

DEFINITION 4. (Substitution) A substitutiogis a finite mapping
from set variables to flow set annotations, and from row variables
to types. We extend substitutions to total mappings on constraints,
flow set annotations, types, type schemes, and type assumptions i
the usual capture-avoiding manner.

DEFINITION 5. (Instantiation) A pair of a set of constraints and
atype(C',t’) is an instance of the type scheif@.C = t, written
s t, if there is a substitutio@with domain{pu} so that(C',t') =

(«C,qt).

The next relation describggeneralization®f a typet with respect
to a type assignmerit and constraint®.

DEFINITION 6. (Generalization) A pair of a constraint set and a
type schemé(;, s), is a generalization of a type t with respect to a
type assignment A and constraints D, writt@ A,t) Fgen (Cy1, )
with s= Vpu.C, = t, if the following holds

(i) forall a e puD, a e FV(t)\ (FV(C1)UFV(A)),

(ii) C]_,Cg D and D+ C17C2.

sulting from the instantiation of the type scheme are satisfied under
the constraints present in the context.

3.5 Structural Properties

Rhis section explores basic properties of the type system that are in-
dependent of the stated operational semantics. The lemmas devel-
oped here will later help proving several subject reduction results.
The first lemma establishes that typing is stable under substitutions.

LeEmMmA 2. (Type Instantiation) Lep be a substitution. If A+
e:t, then@(C) | o(A) - e: @(t).

The next two lemmas establish the admissibility of weakening of
typing contexts, first for type assignments, then for constraints.

LEMMA 3. (Weakening of Type Assignments) If &+ e: t, and
A Ais a valid type assumption, then|@, A’ - e: t.

LEMMA 4. (Weakening of Constraints) If (At e:t, and D-C,
then D| Al e:t.

1Their generalization relation {®,A 1) Fgen(C1AJPUC,,s) in
the notation of DefinitioE]G.



The following Substitution Lemma is essential to show subject re-
duction for reductions involving substitution. The lemma also has
to take into account the generalization relation because type assign-
ments register type schemes, whereas type judgments only assign

Cru<u
CFlZu</u

types to terms.

LEMMA 5. (Substitution Principle) If G A)x: s A' - e:t, and it
also holds that @ | A+ € : t/, (D1,A,t') Fgen(D2,s), and Ct Dy,
thenC| A A Felx:=¢€]:t.

3.6 Subject Reduction forAje; and Ajet pool

Subject Reduction holds for our generic type system if reduction

preserves typings. For the calculhg; subject reduction can be
established independently of the choice of a constraint system.

THEOREM 1. (Subject Reduction fovier) IfC | AFe:t,and e—
€,thenC| A€ :t.

Assuming the following type bindings for booleans

Vpu.(boolY; p{b°°1})
false Vpu.(boolY; D{bOOI})
if 1 Vpp'u.(boolV;ptPool}) o — o — of

true

the corresponding property also holds for Mg poorcalculus.

THEOREM 2. (Subject Reduction foXjet poo) If C | Ak e:t, and
e— €,thenC|AF€ :t.

3.7 Subject Reduction for AL with Simple
Flow Constraints

The first constraint system, callesimple flow constraintstraces
class labels using the following constraint langu&xfe

Simple Flow Constraints cs:i= {~~t|{~u

A constraint/ ~» t expresses a shallow labelingtafith ¢. It means
that a certain typeé must at least havé in every set attached to
its top-level type constructor. A constraifit-» u means that is
member of the flow sat. This is formalized by the two relations
Ct ¢~ u(for annotations) an@ - £ ~» t (for types) defined as the
smallest relation satisfying the following rules:

. Ck{l~u ,
CHi~EU ot 7t

Chl~u Ckl~t
Cr i~ XUttt

l~peC
CFZ'\»p

Whenever the type contains a row variable, the judgment is turned
into a constraint. In contrast, set variables can always be instanti-
ated to satisfy the judgment. This formulation of constraint entail-
ment leaves substitution implicit. In an implementation, we have to

add equality/substitution constraints of the fowora= u.

005 b0 <5 v eC g elab é}“eLab+
CHO by 0 <] V)

p<peC

Crp<p

Ckp<p

P1...Ppn=polarity(x) (VI<i<n)Ckt <Pt
Cru<ud Ckt<t
CHXUt1.. it <XV ... tht!

Figure 3. Entailment of Refined Flow Constraints

We define the following type bindings for labeling constants. They
make use of simple flow constraints to express the occurrence of
the appropriate labels in flow set annotations of the involved types.

U8 ¢ vpp'ufL~p}=(p—Y p)ip/t)
Uye © Vepp/uu’. (x50 prplxt) = (x© p;plxhy; pri=t

In the first type scheme, the constraint guarantees that the set of
labelsL is attached to the top-level node of the type substituted for
p. The second type scheme does not have a constraint, it just installs
the (source or sink) labélon top of the type constructogs

Given the previous development, we may now define a type system
for AL that expresses flow information by using the constraint sys-
tem of simple flow constraintand the above type bindings. The
following subject reduction result shows that typing is preserved
under labeled reductions af..

THEOREM 3. (Subject Reduction forL) IfC | Al-a:t, and a—
a,thenC|ARd :t.

3.8 Subject Reduction for AL with Refined
Flow Constraints

As explained in Sectiofp 2.7.1, the flow information gained from
typings of the type system using simple flow constraints can be
rather imprecise. It shares flow information between all occur-
rences of expressions with the same type, hence the flow informa-
tion of these expressions coincide. We improve on this shortcoming
by introducing a second, subtyping-based constraint system.

The second constraint system, caltefined flow constraintds an
extension of the first one. Its constraint langu@Jkextends0S.

Refined Flow Constraints cr:= csju<u |t<t/
In addition to the constraints fro@S, there are two other forms of
constraints. The constraint< U’ expresses that (i) every positive

label that occurs im also occurs ind and (ii) every negative label

The next two lemmas state some properties about the entailment rehat occurs inf also occurs iru. That is, it is “subset” for posi-
lation for simple flow constraints. They are needed to prove subject five labels and *superset” for negative labels. The consttaint
reduction for the type system equipped with simple flow constraints expresses that the flow sets in the annotations of the typedt

as constraint language. We use the short-hand notationt for
the set of constraintg ~ t,...,fn~> t with L = {/1,...,4n}.

LEMMA 6. IfCFL;~t,andCkLy~t,thenC-LjULp~>1t.

LEMMA 7. IfCFH L~ (tg —"to;t), thenC-L~1t;, CHL~u,
CkL~1,and Ck L~ot.

relate by<. However, the structure of the typeandt’ is identical,
the “subsetting” happens only on the annotation level.

The entailment relatior for the constraint syste@R is the least
relation defined by the rules shown in Fig[ife 3 (again leaving sub-
stitution implicit). It guarantees that negative labels cannot travel
from left to right, and positive labels cannot travel from right to



left. Subtyping on a row variable is either suspended (and turned
into a constraint) or immediately satisfiable in the reflexive case.

Subtyping on a type constructor demands that subsetting on the an-
notations holds and that all arguments of the type constructor are in

the subtype relation according to the polarity of the type construc-
tor. The polarity of an argument of a type constructor indicates
whether the constructor is covariantor contravarian® in this ar-
gument. The polarity of the construct@olarity(x) € {®,5}*, is

a sequence of such indicators. Hence, We defig@ t’ ast <t’
andt <©t’ ast’ <t.

Satisfiability of subtyping constraints is transitive.
LEMMA 8. IfCHt1 <tp, and C-t, <t3, then C-1; <ts.
The following lemma enables us to prove subject reduction.

LEMMA 9. IfCH (tg —=Vtyt) < (t;,t

U té,t/), then C t:ll_ <ty
Chtp<t),Cru<u,andCrt <t

Using the subtyping constraints we can refine the type bindings for
the labeling constants.

[

Llx.e

Vpp'p"u{L~p,p < p'} = (p =Y p');p"
vppp'uu’. (x5 p; ptxh) V' (x50 p; plxhy; pf

The type for labeling constants for positive and negative labels is

exactly the same as before. However the constraint given in the type

schemes of the labeling with sets of flow-class labels has changed
Instead of simply using the same type variable for argument and
result, the argument now needs to have a subtype of the result.

For proving subject reduction in this calculus, we must be able to
weaken a type assumption to a subtype. This property only holds
for properly labeled terms.

LEMMA 10. Ife—a, C|Ax:t/,A'Fa:t,and C-t” <t/, then
CIAX:t" Aka:t.

The second type system fak with flow information uses the sec-
ond constraint system oéfined flow constraintand the new type
bindings for the labeling constants.

Subject reduction also holds for labeling reductions\bfin this
setting provided we are dealing with a sensibly labeled term ob-
tained by the labeling relation-. The labeling relation guarantees
that we can always coerce to supertypes.

THEOREM 4. (Subject Reduction) If e~ €, e— a, and C| A~
a:t, then there exists arf guch that  A-a :t,and é — &.

3.9 Conservativity over Mini-ML

In this section, we investigate the question how derivability in our
system relates to derivability in the Damas-Milner system, and vice

versa. Clearly, our system should be conservative in the sense that?

any expression which has an ML type is also typeable in our sys-
tem. Since this property is trivial (recall that every expression is ty-

peable), we show that an ML typeable expression has a type deriva-

tion without multivocal types in our system. Formally, the judgment
V Fy t (defined in Figurg]4) characterizes such univocal types.

Basically, univocal types have only one defined type constructor
in the discriminative sum. Further, we must guarantee that each
row variablep appearing besides a single type constructor does not
interfere with other free variables occurring elsewhere. Hence, the

VEup p¢Vv

Vituty Vh Fu tn
ViU...UVaU{p} Fu XU tz...tm T P

¢FV(t1)U...UFV(tn)
Figure 4. Univocal types

judgmentV Fy t states that is a univocal type assuming there is
the set of fresh row variabléé available.

Using the judgment for univocal types we specialize the rules of the
generic type system with multivocal type to be able to recognize
those deductions where only univocal types occur.

T(c)= (D,t) CHyD Viyt VN(FV(C)UFV(A) =0
C|Akyc:t

A(X) > (D,t) CFyD Viyt VN(FV(C)UFV(A) =0
CJ|AFux:t

Cl|Atye:(tp—tt;;p) ClAFue:ty
ClAFye ety

CI|Ax:tbprye:ty pé¢ (FV(C)UFV(A))
CIAFy Axe: (t2 ="tg;p7)

D|AFyer:ts (D,At))Fgen(C,s) CI|AX:skye:tr

C|AFyletx=e ine:ty

By construction, each term that is typeable only with univocal types
is also typeable under the less restrictive system with multivocal
types. This property is expressed by the following lemma.

LEMMA 11. IfC|Alye:tthenC|Ake:t.

Completeness is captured as follows: if there is a Damas-Milner-
typing for a terme, then there is also a typing with univocal types
of a corresponding labeled teran

THEOREM 5. (Completeness) If Apy e:t, and e— a, then there
exists some @Vt suchthat G A’ Fy a: t'.

Finally, the following Soundness Theorem shows that the systems
Fy allows us to identify those terms that are also typeable under the
Damas-Milner type system.

THEOREM 6. (Soundness) If e~ a and C| Aky a:t, then there
exists some’At’ such that A-py e:t'.

Taken together these results imply that our procedure for identify-
ing type errors by looking for multivocal types is correct.

4 Extensions

A number of extensions are required to make the system amenable
a full-blown programming language. Sum types, product types,
nd recursive data types are easy to add. For example, to analyze
programs with lists, we only need to find a sound type scheme for
the list constructors. These type schemes look daunting but they
are straightforward to generate automatically usingthe t judg-

ment from Sectiof 3]19:

Vpop1Vo.1ist™ po;p1
VPoP1P2P3P4P5PeVEU1U2U3.
(pp —'1 00
((List!s V1 py;ps) —'2:92(1ist!4 Y3 pg; pg); pa); Po)

nil

cons



The generation principle of the extended type schemes for construc-fication. When a clash between two different type constructors is
tors can be used to generate extended type schemes from arbitrargletected, the list of program points that led to each constructor is
ML type schemes (which is necessary in the presence of modules,printed along with the location where the clash occurred.
libraries, etc). First, fresh row variables are added according to the
judgmentV Fy t. Then, each type constructor in the ML type is Walz and Johnsor [33] also base their approach on inspecting the
assigned a fresh label (possibly reflecting the name of the function unification procedure. By looking for maximum flows in graphs
and its defining module) with polarity defined by its occurrence in representing the unification problems they locate program points
the type. for each clash occurring during unification. With their approach the
order how unification proceeds affects the final result of program
5 Implementation points that are reported.
Beaven and Stansiferl[6] provide detailed explanations of the types
of expressions in a (partially instantiated) typing derivation. In case,
the typing derivation is incomplete due to a unification failure, they
propose to investigate the two types that led to the failure.

At present, there is a prototype implementation of the type inference
engine for refined flow constraints (with annotation subtyping) but

without recursive types. The prototype relies on a naive implemen-
tation of row unification and is very inefficient.

Duggan and Bent[12] criticize earlier attempts to locate the source
of type errors. They propose to provide an explanation for the unifi-
cation steps taken by the type inference algorithm prior to the error.
The form of this explanation is a graph of subexpressions with their
associated effect on the substitution constructed during type infer-
ence. They describe an efficient unification algorithm extended by
gathering the information required for generating the explanation.

However, there are a number of efficiently implemented type infer-
ence algorithms available that should be fairly straightforward to
adapt to our system. Good starting points would be the system of
Henglein and Rehof [18], the Wallace framework of Pottier [28],
and the soft typing implementation of Wright [38]. The Wallace
framework is probably the most advanced of these, it provides con-
ditional constraints, rows, and subtyping. However, it only supports

polymorphic lets at the top-level. Heeren and other$ [15] describe a type inference engine for a

Haskell subset that is geared towards generating good error mes-

6 Related Work sages. Instead of committing to a particular strategy of solving the
equality constraints arising, they create a constraint graph during an
6.1 Alternative Type Inference Algorithms initial traversal of the syntax tree. In varying the way that this graph

is traversed and simplified, they can simulate a number of type in-
ference algorithms, including’ and ¢ . They propose a number

of heuristics that generate error messages from the constraint graph.
We believe that our type system provides a formal justification for
their constraint graph and their heuristics may be adaptable to ex-
tract error messages from our typings.

Lee and Yi[20] compare the error reporting capabilities of Milner’s
bottom-up algorithm#/, which performs unification only at func-
tion applications, and a folklore variation calléd, which passes

the expected type in a top-down manner and hence requires unifica:
tion at lambda abstractions and variables. They refute the (previous)
folklore thatM is better at error reporting thai’ by showing that

the error behavior of both is incomparable. Haack and Wells[[14] define a slicing-based approach to finding

the source of a type error. They separate type inference in two
phases, generation of equality constraints between types and con-
straint solution. Each equality is annotated with the program point
the caused the generation of the constraint. The solver propagates
the annotation when decomposing equalities. For a program with a
type error, the generated constraint set is not solvable. The authors
show that each minimal unsolvable subset determines a minimal
program slice that exhibits the type error. The problem with their
approach is that the notion of a minimal unsolvable subset is not
unique and they do not give an algorithm that enumerates all such
minimal unsolvable subsets. In contrast, our approach yields a prin-
ipal description of the type errors via the type inference algorithm
or multivocal types. Our slices are not determined by annotations
on constraints, but rather by flow labels inferred by a flow analysis.

McAdam [21] tries to avoid the bias of a particular traversal order
of the syntax tree by unifying at each expression the substitutions
collected in traversing the subexpression.

Mitchell’'s type inference algorithm5 [23] return an typing judgment
with a type environment and the computed type. The judgment is
computed bottom-up by unifying the types (as usual) and the type
environments.

Chitil [8] identifies the lack of compositionality of the usual infer-
ence algorithms as one important reason, why type error message
are hard to comprehend. He proposes a type inference algorithm
that is essentially similar to Mitchell’s but which also treats: -
bound variables in a compositional way and computes principal
typings. Based on the results of the inference algorithm Chitil de-
fines an explanation graph and provides the means to navigate it.
A similar algorithm has also be proposed by Damas as algorithm
T [10]. Principal typings have been investigated separately, Wells
[37] gives a good overview of their use in theory and practice.

6.3 Row Types

Rémy and Wand [36. 30, 81] introduce row types, the heart of our
approach, for modeling record and variant types. They give sound
and complete type inference algorithms for their respective systems.

6.2 Type Errors Pottier [28] considers type inference for constrained type systems

with subtyping. His constraint logic includes conditional con-
Wand [34] instruments unification in a type inference algorithm for straints and rows, which clearly subsumes the facilities required for
an implicitly typed lambda calculus. Each substitution created dur- inferring multivocal types. The system is phrased as an instance of
ing a unification is annotated with the program point (a function the HM(X) framework [[25], which provides the actual type infer-
application or some other elimination construct) that caused the uni- ence algorithm for free.



Skalka and Smith[[32] have specialized row types to set types, Flanagan and Felleisen [13] use set-based analysis to discover pro-

which are record types with “just the labels”. They employ con- gramming errors in a dynamically typed language (Scheme). The

ditional constraints to infer precise types for the usual operations cited work provides a framework for simplifying constraints for set-

on sets. Our application does not require this precision. based analysis to the point where the analysis can be performed
component-wise. The goals of that work are similar, but the tools
are different.

6.4 Soft Typing

Soft typing, or dynamic typing, is a type theory geared at establish- 6.5  Flow Analysis
ing typing properties of programs in dynamically typed languages ) ) ]
like Scheme. In such a language, each value is tagged with its typeFrom the vast literature on flow analysis, the following papers ex-
and each operation is guarded by a dynamic check that stops execubibit the correspondence between flow analysis (using abstract in-
tion if an argument does not have the required type. The use of softterpretation or constraints) and annotated type systems. This corre-
typing is twofold. On the one hand, the inferred types provide doc- SPondence was noted independently by Palsberg and O’'Keefe [26]
umentation to the programmer. On the other hand, an implemen-and Heintze[[16]. The first work shows the equivalence of a type
tation can make use of inferred types to omit dynamic type checks System with recursive types, subtyping, ancand L types with
and potentially optimize data representations by omitting type tags. @ constraint-based flow analysis. Heintze’'s work relates abstract
interpretation-based flow analysis with annotated type systems. It
Our type system with multivocal types is similar to a soft typing Ccharacterizes OCFA in terms of an annotated type system with sim-
system. However, there is no attempt to reconcile typings by insert- Ple types and subtyping and exhibits the difference to simple typing
ing dynamic check operations. Instead, we aim at finding the loca- (Without subtyping) which performs an equational flow analysis.
tions that would cause the insertion of a dynamic check. Hence, we Similar observations can be made for polyvariant flow analysis and
view our work as complementary to the work on soft typing in that intersection types [27].
it could provide guidance to the users of such a system.
The techniques used to infer soft typings are similar to the ones 7 Conclusion
employed in this work. However, since one goal of soft typing is
the ability to omit checks, such systems also try to infer information
about theabsenceof type constructors where our system is only
concerned about their presence.

We have designed a type system based on discriminative sum types
with recursive types and annotation subtyping. This system pro-
vides the essential information for discovering the sources of type
errors in programs with ML-style type inference. The paper estab-
lishes the theoretical framework for the system and reports initial
experiments with a prototype implementation. These experiments
are encouraging. In fact, all examples have been checked with the
implementation. Further work is needed to scale the implementa-
tion to a full language and to address advanced features like over-
loading, existential types, and rankgolymorphism.

Cartwright and Fagan[7] is the pioneering work in that area. Their
type system includes discriminative unions, recursive types, and
parametric polymorphism. The system and their algorithm are in-
spired by earlier work on subtyping [24] and record typing [29].

Aiken et al. [3] propose an extended soft typing system that drops
the restriction on unions and adds intersection types and conditional
types. 'I_'heir system provides a simpler formalism with more accu- Acknowledgments

rate typings.
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